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1 Introduction

Non-equilibrium micron-scale flows, such as those encountered in the complex
micron-sized conduits of micro-electromechanical systems and flows associated
with chemical-vapour deposition, are difficult to solve using existing mathe-
matical models and numerical methods. In most cases, these flows are in the
subsonic to low-supersonic regimes and, due to their micro-geometries, have
low Reynolds numbers and remain laminar. Flow Knudsen numbers, Kn, in
the range 0.01 < Kn < 10 may be encountered, even for pressures above one
atmosphere, and, as a result, non-continuum and thermal non-equilibrium
effects can significantly influence momentum and heat transfer phenomena
in typical micro-channel flows [5,8]. The situation is further complicated by
the fact that in many cases, micron-scale flows can involve complex evolving
boundaries which require special gridding techniques.

One approaches that is showing considerable promise for the treatment
of micron-scale flows is moment closures [10]. Moment closures provide an
extended set of hyperbolic partial differential equations (PDEs) describing
the transport of macroscopic fluid properties. In general, the solution of these
PDEs require considerably less effort than obtaining solutions using a parti-
cle simulation method. Furthermore, the treatment of non-equilibrium flows
with a purely hyperbolic model can have additional advantages from a com-
putational perspective. The hyperbolic moment equations involve only first-
order derivatives and can be readily solved using high-order Godunov-type
finite-volume schemes coupled with adaptive mesh refinement (AMR) tech-
niques [1,4, 16]. Schemes of this type are robust, minimize numerical dis-
cretization errors, provide accurate resolution of discontinuities, and permit
systematic application of physically realistic boundary conditions. When cou-
pled with AMR, they permit treatment of complex and evolving flow geome-
tries and the resolution of highly disparate length scales while, at the same
time, optimizing usage of computational resources. They also have narrow
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stencils, making them suitable for implementation on massively parallel com-
puters [2,16]. Note that higher-than-first-order derivatives can be problematic
when using adaptive mesh refinement or meshes with embedded boundaries
as irregularities in the grid can make accurate evaluation of these derivatives
difficult. This situation is avoided with moment closure methods.

2 Gaussian Moment Closure

Levermore [10] has proposed a new hierarchy of non-perturbative moment
closures with several desirable mathematical properties. These methods are
based on approximate solutions to the Boltzmann equation of kinetic theory
and provide a hyperbolic mathematical description of non-equilibrium flows.
The lowest-order closure, the 10-moment or Gaussian closure is considered
here. It consists of a set of macroscopic transport equations which, in addition
to equations for the gas density, p, and momentum, pu;, contain equations for a
symmetric non-equilibrium pressure tensor, P;;. An extension to the standard
Gaussian closure for monatomic gases, proposed by Hittinger [9], allows for a
treatment of the molecular rotational energy, E,., present in diatomic gases.
This includes a two-time-scale relaxation-time approximation to the collision
term. Previous numerical studies indicate that this closure holds considerable
promise for describing non-equilibrium transport, at least for subsonic and
transonic flows in the slip and transition regimes [11].
For two space dimensions, the Gaussian closure for a diatomic gas can be
written in weak conservation form as
@+8Fm+@25, (1)
ot ox dy
where U = [p, pu, pv, pu? + Pyy, puv + Py, pv® + Pyy, Py Evo? is the
vector of conserved variables, F, and F, are z- and y-direction components

of the flux dyad f‘, and S is the source vector.

3 Parallel AMR Solution Scheme

A Godunov-type, finite-volume scheme has been developed for the solution of
the two-dimensional weak conservation form of the Gaussian moment equa-
tions as given in Eq. 1, on multi-block quadrilateral meshes. The scheme al-
lows for solution-directed block-based AMR and an efficient and highly scal-
able parallel implementation has been achieved via domain decomposition.
An arbitrary Lagrangian Eulerian (ALE) treatment is used to describe situ-
ations with moving boundaries. The ordinary differential equation resulting
from spacial discretization procedure that governs the evolution of the average
solution in a computational cell of the multi-block mesh, U, is given by
a1 UdA

E——Z - [Fk_wkUk}'nkAgk_ZE—’_Su (2)



Use of the Gaussian Moment Closure with Moving Boundaries 3

where A is the cell area, W, ng and Al are the velocity of, unit normal
to, and length of the k'™ cell face, while ﬁk and Uy are the flux dyad and
solution state at the quadrature point on the k*" face. Second-order spacial
accuracy is achieved via limited linear reconstruction. Flux evaluations are
carried out using Roe’s approximate Riemann solver [14]. Mesh refinement is
carried out according to physics-based refinement criteria as well as to resolve
embedded/moving boundaries. Refer to the recent paper by McDonald and
Groth [11] for further details of the parallel AMR scheme.

4 Mesh Adjustment Algorithm

Implementation of the preceding finite-volume scheme with the mesh adjust-
ment scheme proposed recently by Sachdev and Groth [15] is now consid-
ered. The mesh adjustment scheme provides an automated treatment for fixed
and moving, non-grid-aligned boundaries embedded in a body-fitted, multi-
block mesh. Similar in nature to the Cartesian-cut-cell methods developed by
Bayyuk et al. [3] and Murman et al. [12], this scheme allows for the nodes of
an underlying body-fitted mesh to be adjusted so as to coincide with the em-
bedded boundary. By making only local alterations to the grid, this scheme
enables the solution of unsteady flows involving moving boundaries or for
steady flow problems involving stationary boundaries that are not necessarily
aligned with the mesh, while preserving the structured nature of the blocks
and avoiding the creation of small cut cells that are often generated by tradi-
tional cut-cell approaches. In addition, the mesh adjustment algorithm is fully
compatible with block-based AMR and parallel implementation via domain
decomposition used in the finite-volume solution scheme.

Mesh adjustment is carried out in several steps. Firstly, a pre-mesh-
adjustment flagging is used in order to determine which cells may require
adjustment. The first mesh-adjustment step involves identifying sharp cor-
ners on the interfaces. The cells flagged for adjustment which contain each
sharp corner are identified and their nearest nodes moved to the corners. For
the remaining cells tagged for adjustment, the nodes which are closest to the
boundary are moved to the point of intersection between the interface and
the mesh lines, this can be seen in Figure 1(b). This movement will leave
cells that are bisected diagonally by the boundary. A secondary adjustment
step is used to move the nearest node of bisected cells so that it also lies on
the boundary. This step will produce triangular cells, as seen in Figure 1(c);
these cells are simply treated as degenerate quadrilaterals with two coinci-
dent nodes. The final step in the mesh-adjustment algorithm involves use of
a ray-tracing technique to determine which of the cells are within the flow
domain and which are outside the flow domain. The resulting mesh remains
structured and does not have neighbouring cells of radically different size. The
present implementation also allows for moving embedded boundaries whose
motion can be prescribed either explicitly or through a level-set method [13].
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Fig. 1. Mesh adjustment algorithm: (a) Initial mesh and embedded boundary (thick
line), (b) result of primary adjustment, (c) result of secondary adjustment (dashed
lines indicate inactive cells), and (d) example of (i, j)-indexing on an adjusted mesh.

5 Numerical Results

Several flow problems are now considered. The first such problem is subsonic
boundary-layer flow over a flat plate. The goal in this case is to demonstrate
that the embedded boundary treatment and hyperbolic nature of the gov-
erning equations will yield smooth predictions of the frictional forces acting
on the plate; traditional cut-cell-type approaches combined with the Navier-
Stokes equations have been shown to produce large oscillations in viscous drag
predictions [6]. Next, subsonic flow past a circular cylinder is considered. This
case is considered to illustrate the scheme’s applicability to transition-regime
flows. Previous investigation using body-fitted meshes has shown good agree-
ment with experimental results [11] and it will be shown that equally good
results can be achieved with embedded boundary treatment. Finally, a channel
flow with complex moving geometry is considered to illustrate the potential
of the proposed approach for tackling such problems.

Subsonic boundary-layer flow past a flat plate is considered. For the case
of interest, the free-stream Mach number is 0.2 and Reynolds number per unit
length is 2000. For this situation, the Knudsen number was 1.5x10~%, which
indicates that the flow is in the continuum regime. Two computational meshes
are considered: one aligned with, or at 0° to, the plate and a second mesh at
30° to the plate. Both meshes initially consisted of one 16 x 16 Cartesian
square block. This block was then subjected to six or eight mesh refinements
such that at each level of refinement, any block crossed by the boundary was
refined. Sections of the resulting meshes are shown in Figure 2.

Numerical predictions of the friction coeflicient, Cy, are shown in Figure 3.
In the figure, comparisons are made to the classical boundary layer results of
Blasius. It can be seen that there is good agreement between the computed
results and Blasius’ solution. There are no oscillations present in the predicted
skin friction coefficients, even when the flat plate intersects the grid at an
angle. Furthermore, on the more refined mesh with eight levels of refinement,
the numerical solutions are nearly indistinguishable from the Blasius solution.

As a second case, subsonic flow past an circular cylinder is considered.
Experimental measurements of drag on the cylinder have been obtained by
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Fig. 2. (left) Section of 48128-cell mesh with flat plate embedded at 0°. (right) Sec-
tion of 65024-cell mesh with flat plate embedded at 30°.
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Fig. 3. Coefficient of friction calculated for a Cartesian grid with an embedded flat
plate at 0° and 30° to the grid as compared to Blasius solution.

Coudeville et al. [7]. The Gaussian closure has previously been applied to this
case using body fitted meshes [11] for several speed ratios, S, and a wide
range of Knudsen numbers in the continuum and transition regimes. These
predictions are shown in Figure 4, where numerical results are compared to
experimental data of Coudeville and an analytical expression of Paterson [11].

In order to demonstrate that the present embedded mesh treatment can
recover these previous results with virtually equal accuracy, values for the
coefficient of drag were computed for varying Knudsen numbers for flow with
a speed ratio of 0.107. Predicted results obtained using the adjusted mesh
scheme are compared in Figure 4 with the Gaussian-closure solutions obtained
using a body fitted mesh, as well as to the experimental results. Clearly, the
agreement between body-fitted and non-aligned-mesh results is excellent.

Coirier explored Mach 0.1 flow through a branched channel containing
fourteen pin cooling fins [6]. A similar geometry has been considered here for
both continuum and non-equilibrium flow, except two rows of the pins are now
assumed to oscillate with a prescribed motion. The results of the continuum
situation can be seen in Figure 5.
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Fig. 4. (left) Coe]fﬁcie;({ts of drag computed using the Gaussian closure with a body-
fitted mesh compared with experimental data and an approximate solution due to
Paterson. (right) Coefficients of drag computed using the Gaussian closure with a
body-fitted mesh and a Cartesian mesh with an embedded boundary at a speed ratio

of 0.107 are compared with experimental data.
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Fig. 5. C’omputatim;al grid and z-direction velocity contours for flow through a
branched channel with moving pins.
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6 Conclusions

The use of the Gaussian moment closures with embedded-mesh treatment for
continuum- and transition-regime flows has been demonstrated. The proposed
algorithm allows for accurate treatment of micron-scale flows with embedded
and possible moving boundaries, not aligned with the mesh.
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